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ABS TRACT 
Methods f o r  designing supersonic  s t a t o r  and 
r o t o r  blading co r rec t ed  f o r  boundary l a y e r  d i sp l ace -  
ment thickness  are summarized. Computer programs 
based on these  methods have been r epor t ed  i n  NASA 
of t h i s  type a r e  presented and design l i m i t a t i o n s  
r e s u l t i n g  from cons ide ra t ion  of flow s e p a r a t i o n  and 
supersonic  s t a r t i n g  are discussed.  
summary of t h e  experimental  performance of a s ing le -  
s t a g e  t u r b i n e  designed by these  methods is  given. 
INTRODUCTION 
- ! pub l i ca t ions .  Ana ly t i ca l  b l ade  l o s s e s  f o r  blading 
, $  
il 
I 
I n  a d d i t i o n ,  a 
A supersonic  t u r b i n e  s t a g e  is one i n  which t h e  
a b s o l u t e  v e l o c i t y  a t  t h e  nozzle  e x i t  and t h e  rela- 
t i v e  v e l o c i t y  a t  r o t o r  i n l e t  are supersonic .  
s o n i c  tu rb ines  have p o t e n t i a l  a p p l i c a t i o n  i n  turbo- 
pump and open-cycle a u x i l i a r y  power systems ( a 1 ,  
where high-energy f l u i d s  are used and high p res su re  
r a t i o s  a r e  a v a i l a b l e .  I n  a d d i t i o n ,  t h e i r  u se  i n  high 
temperature turbo-engines f o r  primary propuls ion sys-  
tems has r e c e n t l y  been proposed Q). This  i n t e r e s t  
i n  supersonic  t u r b i n e s  has  c rea t ed  a need f o r  both 
a n a l y t i c a l  des ign  methods and experimental  d a t a  f o r  
t h i s  type of t u r b i n e .  
Super- 
Computer programs f o r  t he  des ign  of supersonic  
t u r b i n e  blading have been descr ibed i n  (A,&). The 
s t a t o r  blading c o n s i s t s  of sharp-edged t h r o a t  noz- 
z l e s  designed t o  produce uniform p a r a l l e l  flow a t  t h e  
b l a d e  e x i t .  The r o t o r  b l ad ing  is designed t o  produce 
a blade-to-blade free-vortex flow w i t h i n  t h e  passage. 
Blade l o s z s  are accounted f o r  a n a l y t i c a l l y  i n  t h e  
d e s i g n  procedure by c o r r e c t i n g  t h e  i d e a l  p r o f i l e s  f o r  
boundary l a y e r  displacement thickness .  Losses due t o  
mixing t h e  flow t o  uniform condi t ions downstream of 
t h e  b l ades  are considered i n  t h e  des ign  method. How- 
ever ,  o the r  b l a d e  losses, such as shock formation o r  
flow sepa ra t ion  t h a t  may occur i n  an a c t u a l  t u r b i n e  
are no t  accounted f o r .  
The experimental  pe r fomance  of a s ing le - s t age  
par t ia l -admission supersonic  t u r b i n e  designed by 
t h e s e  methods has  been r e c e n t l y  reported i n  (2). The 
t u r b i n e  was t e s t e d  over a range of p re s su re  r a t i o s  
from 20 t o  '150 and equ iva len t  speeds from 20 t o  
100 percent  of des ign .  
This  paper summarizes both the a n a l y t i c a l  des ign  
The procedure and t h e  experimental  r e s u l t s  obtained.  
a n a l y t i c a l  loss c h a r a c t e r i s t i c s  f o r  t y p i c a l  s t a t o r  
and r o t o r  blading are a l s o  presented.  
t h e  des ign  l i m i t a t i o n s  imposed by cons ide ra t ion  of 
flow sepa ra t ion ,  b l ade  s o l i d i t y ,  and supersonic  
s t a r t i n g  problems are d i scussed .  
SYMBOLS 
I n  a d d i t i o n ,  
a speed of sound, m/sec ( f t / s e c )  
C b lade  chord, m ( f t )  
C s p e c i f i c  heat a t  constant  p re s su re ,  J/(kg) (K) 
@ t u /  ( Ib)  (OR)) P 
G b l ade  spacing,  m ( f t )  
incompressible  form f a c t o r  Hi 
h s p e c i f i c  enthalpy,  J /kg  (Btu/ lb)  
I 
M Mach number 
m s l o p e  of speed ve r sus  time curve,  r ad / sec  
2 2 p p re s su re ,  N/m ( l b / f t  ) 
R r a d i u s  of t u rb ine ,  m ( f t )  
R e  Reynolds number, w/uoR 
2 moment of i n e r t i a ,  N-m-sec2 (f t - lb-sec ) 
2 
ReR r o t o r  Reynolds number, p:, 2 c v ;  
Ret 
T temperature ,  K (OR) 
nozz le  t h r o a t  Reynolds number, poytVt/p, 
t t ime,  sec 
U b l ade  speed,  m/sec ( f t / s e c )  
V v e l o c i t y ,  rn/sec ( f t l s e c )  
V v e l o c i t y  corresponding t o  i s e n t r o p i c  expansion 
from in l e t  t o t a l  p re s su re  t o  exit  s t a t i c  pres- 
su re ,  JZhhid, m/sec ( f t / s e c )  
j 
W r e l a t i v e  v e l o c i t y ,  m/sec ( f t / s e c )  
w mass-flow r a t e ,  kg/sec ( lb / sec )  
~~~ 
lNumbers underl ined i n  parentheses  d e s i g n a t e  r e f e r -  y width,  m ( f t )  
ences  a t  end of paper. 
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a c c e l e r a t i o n  
c r i t i c a l  
d e c e l e r a t i o n  
f u l l  admission 
free-stream 
i d e a l  
lower s u r f a c e  
mean 
nozzle  o r  s t a t o r  
r o t o r  
r e l a t i v e  t o  r o t o r  
nozzle  t h r o a t  
upper s u r f a c e  
a x i a l  
s t a t o r  i n l e t  
s t a t o r  exit 
s t a t o r  a f t e rmix ing  s ta te  ( a l so  r o t o r  i n l e t )  
r o t o r  e x i t  
r o t o r  a f t e rmix ing  s t a t e  
Supe r sc r ip t s  : 
' t o t a l  cond i t ions  
* U.S. standard cond i t ions  
TORBINE DESIGN 
The des ign  of both t h e  s t a t o r  and r o t o r  blading 
is accomplished i n  a s i m i l a r  manner. F i r s t ,  t h e  
i d e a l  passage ( s t a t o r  o r  r o t o r )  is  designed by t h e  
method of c h a r a c t e r i s t i c s  as appl ied t o  t h e  isen-  
t r o p i c  flow of a p e r f e c t  gas .  
eters are then ca l cu la t ed  f o r  t he  i d e a l  passage and 
t h e  f i n a l  p r o f i l e  i s  obtained by c o r r e c t i n g  t h e  
i d e a l  p r o f i l e  f o r  t h e  displacement thickness .  A 
s t a t o r  and a r o t o r  designed i n  t h i s  manner are shown 
i n  f i g u r e s  1 and 2,  r e spec t ive ly .  
S t a t o r  Blades 
The des ign  of t h e  i d e a l  s t a t o r  blading is  based 
on e s t a b l i s h i n g  uniform p a r a l l e l  flow a t  t h e  b l ade  
e x i t  i n  t h e  minimum p o s s i b l e  d i s t ance .  The computer 
program descr ibed i n  (5) is  used f o r  t h i s  purpose. 
A t y p i c a l  sharp-edged-throat nozzle  of t h i s  t ype  
(shown i n  f i g .  1 )  c o n s i s t s  of t h r e e  s e c t i o n s :  (1) a 
converging s e c t i o n ,  (2) a diverging s e c t i o n ,  and 
(3) a s t r a i g h t  s e c t i o n .  The converging s e c t i o n  pro- 
duces the  flow fu rn ing  wi th  s m a l l  losses and is no t  
designed by the  computer program. The symmetric 
d ive rg ing  s e c t i o n  a c c e l e r a t e s  t h e  flow t o  t h e  de- 
s i r e d  free-stream Mach number a t  t h e  b l a d e  exit .  The 
s t r a i g h t  l i n e  segment, p a r a l l e l  t o  t h e  flow d i r e c -  
t i o n ,  completes t h e  nozz le  p r o f i l e .  
Boundary l a y e r  param- 
The boundary l a y e r  parameters (displacement and 
momentum th i cknesses )  are c a l c u l a t e d  us ing  t h e  com- 
pu te r  program descr ibed i n  (7J. The program u s e s  
Cohen and Reshotko's method (8) f o r  laminar boundary 
l a y e r s  and Sasman and Cresci's method (9 f o r  turbu- 
l e n t  boundary l a y e r s .  
considered i n  these  methods. For flows i n  h igh ly  
f avorab le  p re s su re  g r a d i e n t s ,  as occur i n  t h e  s t a t o r ,  
t he  laminar r e s u l t s  a r e  ex t r apo la t ed  by t h e  method 
descr ibed i n  (3).  T r a n s i t i o n  from laminar  t o  turbu- 
l e n t  f low, i f  i t  occur s ,  is  p red ic t ed  by t h e  program, 
o r  t h e  u s e r  may f o r c e  t r a n s i t i o n  a t  any s t a t i o n  i n  
t h e  nozzle .  
Curvature  e f f e c t s  are not  
A complete d e s c r i p t i o n  of the computer program 
f o r  t he  des ign  of supe r son ic  nozzles  co r rec t ed  f o r  
boundary l a y e r  displacement thickness  is given i n  
(2). The program inpu t  c o n s i s t s  p r imar i ly  of t h e  
nozz le  e x i t  Mach number, nozz le  ang le ,  s p e c i f i c  heat 
r a t i o ,  and t o t a l  flow cond i t ions .  The program output  
g ives  the  co r rec t ed  nozz le  p r o f i l e .  
Rota- Blades 
The des ign  of t h e  i d e a l  r o t o r  b l ad ing  is based 
on e s t a b l i s h i n g  vo r t ex  flow w i t h i n  t h e  b l a d e  passage 
by a procedure similar t o  t h a t  descr ibed i n  (10). 
The computer program desc r ibed  i n  (11). based on t h i s  
procedure,  is used f o r  t h e  c a l c u l a t i o n  of  t h e  i d e a l  
passage. A t y p i c a l  passage (shown i n  f i g .  2) con- 
sists e s s e n t i a l l y  of t h r e e  major p a r t s :  (1) i n l e t  
t r a n s i t i o n  a r c s ,  (2)  c i r c u l a r  arcs, and (3) o u t l e t  
t r a n s i t i o n  a r c s .  The i n l e t  t r a n s i t i o n  arcs (upper 
and lower su r faces )  are required t o  convert  t h e  uni- 
form p a r a l l e l  flow a t  t h e  passage i n l e t  i n t o  vo r t ex  
flow. The concen t r i c  c i r c u l a r  arcs t u r n  and maintain 
the vor t ex  f low cond i t ion .  The o u t l e t  arcs r econver t  
t h e  vo r t ex  flow i n t o  uniform p a r a l l e l  f low a t  t h e  
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passage exit. S t r a i g h t  l i n e  segments, on t h e  s u c t i o n  
su r face ,  p a r a l l e l  t o  t h e  i n l e t  and o u t l e t  flow d i r ec -  
t i o n s  complete t h e  passage. 
The i d e a l  r o t o r  passage is designed so t h a t  t h e  
o u t l e t  spacing is less than the i n l e t  spacing ( s e e  
f i g .  2 ) .  This  is necessary s i n c e  i t  is  required t h a t  
t h e  i d e a l  passage co r rec t ed  f o r  boundary l a y e r  d i s -  
placement thickness  have equal i n l e t  and o u t l e t  spac- 
ings.  
and o u t l e t  Mach numbers, t h i s  is accomplished by 
having less c i r c u l a r  t u rn ing  f o r  t he  o u t l e t  p o r t i o n  
of t h e  passage than f o r  t h e  i n l e t  po r t ion .  
a t i v e  procedure is required t o  determine the  c i r c u l a r  
t u rn ing  necessary t o  g i v e  equal spacings.  
For an i d e a l  passage designed f o r  equal  i n l e t  
An i ter-  
A complete d e s c r i p t i o n  of t h e  computer program 
f o r  t h e  des ign  of supersonic  r o t o r  blades co r rec t ed  
f o r  boundary l a y e r  displacement th i ckness  has been 
given i n  (4). The program inpu t  c o n s i s t s  essen- 
t i a l l y  of t h e  i n l e t  and e x i t  Mach numbers, f low 
ang les ,  s p e c i f i c  hea t  r a t i o ,  c i r c u l a r  arc Mach num- 
b e r s ,  and t o t a l  flow cond i t ions .  The program output  
c o n s i s t s  of t h e  co r rec t ed  r o t o r  passage and t h e  
boundary l a y e r  parameters.  
A number of i npu t  op t ions  r e l a t e d  t o  the  bound- 
a r y  l a y e r  c a l c u l a t i o n s  a r e  a l s o  a v a i l a b l e  t o  t h e  
u s e r .  For laminar boundary l a y e r s  t h e  program w i l l  
gene ra l ly  p r e d i c t  s e p a r a t i o n  i n  t h e  r o t o r  f o r  f a i r l y  
small adve r se  p re s su re  g rad ien t s .  
a l lows f o r  t h e  reat tachment  of t h e  flow and continu- 
a t i o n  of t h e  c a l c u l a t i o n s  f o r  t u r b u l e n t  f low, i f  
t h i s  is d e s i r e d .  As discussed p rev ious ly ,  t h e  u s e r  
can a l s o  f o r c e  t r a n s i t i o n  t o  tu rbu len t  flow a t  any 
s t a t i o n ,  i nc lud ing  t h e  i n l e t .  
ANALYTICAL LOSS CHARACTERISTICS 
The program 
The displacement and momentum th i cknesses  a t  t h e  
b l ade  exit ( s t a t o r  and r o t o r )  can b e  used t o  calcu-  
l a t e  t h e  a f t e rmix ing  cond i t ions  downstream of t h e  
b l ade  row assuming t h a t  t he  flow m i x e s  t o  a uniform 
s ta te .  Applicat ion of t h e  c o n t i n u i t y ,  momentum, and 
energy equat ions r e s u l t s  i n  the  de t e rmina t ion  of t h e  
a f t e rmix ing  Mach number, flow ang le ,  p re s su re  r a t i o ,  
and k i n e t i c  energy l o s s .  The c a l c u l a t i o n  procedure 
has been descr ibed i n  (12). The mixing losses ob- 
t a ined  i n  t h i s  manner are f o r  two-dimensional b l ade  
rows. A method of e s t ima t ing  three-dimensional 
l o s s e s  frnm two-dimensional l o s s e s  is  given i n  (13). 
Subsonic and supersonic  a f t e rmix ing  a x i a l  Mach 
~ when the  free-stream a x i a l  Mach number a t  t h e  b l ade  
number soluLions are poss ib l e  f o r  t h i s  loss model 
e x i t  (be fo re  mixing) is supersonic .  As discussed i n  
(Ilr), t he  subsonic  a x i a l  Mach number s o l u t i o n  co r re -  
sponds t o  mixing plus  ob l ique  shock l o s s e s ,  whereas 
t h e  supersonic  a x i a l  Mach number s o l u t i o n  corresponds 
t o  shock le s s  mixing. As i nd ica t ed  i n  (14). t h e  
supersonic  s o l u t i o n  may not  be  p h y s i c a l l y  poss ib l e  
i n  a t u r b i n e  un le s s  t h e r e  is an i n c r e a s e  i n  t h e  
annulus  area. 
S t a t o r  Blade Ef f i c i encv  
f i n e d  as 
The a n a l y t i c a l  s t a t o r  b l ade  e f f i c i e n c y  is de- 
where V2 is  the  s t a t o r  a f t e rmix ing  v e l o c i t y ,  and 
V2 id 
exiansion t o  t h e  s t a t o r  a f t e rmix ing  s ta t ic  p r e s s i r e .  
The a n a l y t i c a l  s t a t o r  b l a d e  e f f i c i e n c y  as a f u n c t i o n  
of s t a t o r  flow ang le  is shown i n  f i g u r e  3 f o r  s t a t o r s  
designed f o r  a f ree-s t ream Mach number of 3.5. As 
expected, t h e  e f f i c i e n c y  f o r  t h e  supersonic  s o l u t i o n  
is  higher  than f o r  t h e  subsonic  s o l u t i o n  because of 
t h e  absence of shock l o s s e s  f o r  t h e  supe r son ic  so lu -  
t i o n .  For t h e  subsonic  s o l u t i o n ,  as t h e  flow a n g l e  
a1 
approaches a normal shock, r e s u l t i n g  i n  a l a r g e  de- 
crease i n  e f f i c i e n c y .  The a f t e rmix ing  Mach number, 
flow ang le ,  and p res su re  r a t i o ,  as w e l l  as t h e  re- 
s u l t s  f o r  d i f f e r e n t  Mach number l e v e l s  can be  found 
i n  (14). The a f t e rmix ing  cond i t ions  are a l s o  g iven  
as p a r t  of t h e  output  of t h e  computer program f o r  t h e  
s t a t o r  des ign  (3. 
Rotor Blade E f f i c i e n c y  
as 
is t h e  i d e a l  v e l o c i t y  obtained by i s e n t r o p i c  
dec reases  t h e  ob l ique  shock ac ross  t h e  exit  plane 
The a n a l y t i c a l  r o t o r  b l ade  e f f i c i e n c y  is de f ined  
where W4 is  t h e  r o t o r  a f t e rmix ing  relative v e l o c i t y ,  
and W4 i d  is  t h e  i d e a l  r e l a t i v e  v e l o c i t y  obtained 
by i s e n t r o p i c  expansion t o  t h e  r o t o r  a f t e rmix ing  
s t a t i c  pressure.  The a n a l y t i c a l  e f f i c i e n c y  as a 
func t ion  of lower- and upper-surface Mach number i s  
shown i n  f i g u r e  4 f o r  r o t o r s  designed f o r  a r e l a t i v e  
i n l e t  Mach number of 2 . 5 .  Since a low Reynolds num- 
ber  example was chosen, two cases  were considered:  
(1) laminar s e p a r a t i o n  wi th  reattachment ( t h e  momen- 
tum thickness  be fo re  and a f t e r  s e p a r a t i o n  belng as- 
sumed equal)  and, (2 )  t u r b u l e n t  flow fo rced  a t  t h e  
i n l e t .  
b l ade  l o s s e s  because t h e  laminar p o r t i o n  of t h e  cal- 
c u l a t i o n s  r e s u l t s  i n  l a r g e r  momentum th i cknesses  as 
compared wi th  t h e  corresponding t u r b u l e n t  ca l cu la -  
t i o n .  
lower-surface Mach number decreases  o r  t h e  upper- 
s u r f a c e  Mach number i n c r e a s e s .  
s i n c e  these  changes i n c r e a s e  t h e  passage width which 
r e s u l t s  i n  a smaller percentage of t h e  passage being 
occupied by t h e  boundary l a y e r .  These r e s u l t s  as- 
sumed t h a t  t h e  tu rbu len t  boundary l a y e r  does not sep- 
arate. 
lower-surface Mach number o r  i nc reas ing  t h e  upper- 
s u r f a c e  Mach number is d i scussed  i n  t h e  next  section. 
The laminar s e p a r a t i o n  model g i v e s  l a r g e r  
The b l ade  e f f i c i e n c y  inc reases  when e i t h e r  t h e  
This  is  expected 
The problems a s soc ia t ed  wi th  decreasing t h e  
The a f t e rmix ing  Mach numbers, f low ang les ,  and 
The a f t e rmix ing  cond i t ions  are a l s o  
p re s su re  r a t io s , co r re spond ing  t o  t h i s  example can  b e  
found i n  (15). 
p a r t  of t h e  output  of t h e  computer program f o r  t h e  
r o t o r  design (3. 
DESIGN LIMITATIONS 
Decreasing t h e  lower-surface Mach number o r  in-  
c r eas ing  t h e  upper-surface Mach number t ends  t o  in -  
c r e a s e  t h e  r o t o r  b l ade  e f f i c i e n c y .  While this  is de- 
s i r a b l e ,  o t h e r  f a c t o r s  such as flow s e p a r a t i o n ,  b l ade  
s o l i d i t y ,  and supersonic  s t a r t i n g  must b e  considered 
b e f o r e  a b l ade  design i s  selected. 
Flow Sepa ra t ion  
computer program w i l l  g e n e r a l l y  p r e d i c t  s e p a r a t i o n  
f o r  f a i r l y  small adverse p re s su re  g rad ien t s .  
For t h e  laminar boundary l a y e r  c a l c u l a t i o n s ,  the 
This was  
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discussed previously.  For turbulen t  boundary l a y e r s ,  
the c a l c u l a t i o n s  a l s o  g i v e  an i n d i c a t i o n  whether flow 
s e p a r a t i o n  w i l l  occur .  
from t h e  d i s t r i b u t i o n  of t h e  incompressible  form 
f a c t o r  Hi  a long t h e  b lade  s u r f a c e s .  A t y p i c a l  d i s -  
t r i b u t i o n  of Ei and t h e  corresponding s u r f a c e  Mach 
number d i s t r i b u t i o n  is  shown i n  f i g u r e  5. Turbulent 
s e p a r a t i o n  usua l ly  occurs  f o r  v a l u e s  of H i  from 
1.6 t o  2 .4  (16). It  is seen t h a t  tu rbulen t  separa-  
t i o n  is poss ib le  on  both t h e  lower- and upper- 
s u r f a c e s  of t h e  b lade .  Separa t ion  on t h e  lower- 
s u r l e c e ,  , if  i t  occurs ,  i s  probably not  a s  important 
q.lnce the  flow would tend to  r e a t t a c h  s h o r t l y  down- 
s t ream. The maximum value  of Hi a long e i t h e r  s u r -  
f a c e  genera l ly  occurs  a t  t h e  end poin t  (po in t  I and 
F of f i g .  5 )  of t h e  t r a n s i t i o n  a r c .  
This  information is obtained 
The e f f e c t  of t h e  lower- and upper-surface Mach 
number on  t h e  maximum v a l u e  of t h e  incompressible  
form f a c t o r  Hi i s  shown i n  f i g u r e  6.  The maximum 
value of Hi i n c r e a s e s  ( t h e  p r o b a b i l i t y  of separa-  
number decreases  o r  t h e  upper-surface Mach number 
i n c r e a s e s .  These same changes i n  s u r f a c e  Mach number 
were pre;riously found t o  i n c r e a s e  t h e  r o t o r  b lade  
e f f i c i e n c y .  
t h e r e f o r e  be expected t o  occur f o r  a b lade  i n  which 
the  lower- and upper-surface Mach numbers are chosen 
such t h a t  tu rbulen t  s e p a r a t i o n  is Imminent on each 
sur face .  
, t i o n  i n c r e a s e s )  when e i t h e r  t h e  lower-surface Mach 
An optiinum r o t o r  b l a d e  des ign  would 
Blade S o l i d i t y  
The e f f e c t  of t h e  lower- and upper-surface Mach 
number on blade  s o l i d i t y  is shown i n  f i g u r e  7. The 
s o l i d i t y  decreases  a s  t h e  lower-surface Mach number 
decreases  o r  t h e  apper-surface Mach number increases .  
For a cons tan t  b lade  chord,  t h i s  means t h a t  t h e  num- 
ber  of b lades  d e c r e a s e ,  which is  d e s i r a b l e  from 
p r a c t i c a l  cons idera t ions .  However, these  t rends  i n  
s u r f a c e  Mach number i n c r e a s e  t h e  p r o b a b i l i t y  of tur-  
bulen t s e p a r a t i o n .  
Supersonic S t a r t i n g  
l i s h e d  w i t h i n  t h e  r o t o r  passage must be known i f  t h e  
blade s e c t i o n s  a r e  t o  be designed properly.  It is 
u s u a l l y  assumed (lo) t h a t  a normal shock wave spans 
t h e  r o t o r  b l a d e  en t rance  a t  t h e  i n s t a n t  of s t a r t i n g .  
The passage must t h e r e f o r e  be designed l a r g e  enough 
t o  permiL t h e  shock t o  pass through,  i f  supersonic  
flow is to bt e s t a b l i s h e d .  For given s u r f a c e  Mach 
numbers, which € i x e s  t h e  amount of passage contrac-  
t i o n ,  t h e r e  e x i s t s  a maximum v a l u e  of t h e  i n l e t  Mach 
number f o r  which supersonic  flow can b e  e s t a b l i s h e d .  
The maximum i n l e t  Mach number $ , 2  as a f u n c t i o n  
of t h e  lower- and upper-surface Mach numbers is  
shown i n  f i g u r e  8. Increas ing  t h e  lower- and upper- 
s u r f a c e  Mach number i n c r e a s e s  t h e  maximum v a l u e  of 
t h e  i n l e t  Mach number, which is d e s i r a b l e  from 
s t a r t i n g  cons idera t ions .  However, i n c r e a s i n g  t h e  
upper-surface Mach number tends t o  i n c r e a s e  t h e  
p r o b a b i l i t y  of f low s e p a r a t i o n .  A compromise between 
these  opposing tendencies  must sometimes b e  made i n  
an a c t u a l  design.  It should b e  emphasized t h a t  t h e  
supersonic  s t a r t i n g  r e L b r i c t i o n  applies only II a 
normal shock is present  a t  t h e  i n s t a n t  of s t a r t i n g .  
In some cases  t h i s  r e s t r i c t i o n  may not be f u l l y  
a p p l i c a b l e  as indica ted  by t h e  experimental  i n v e s t i -  
g a t i o n  presented i n  (17). 
EXPERIMENTAL PERFORMANCE 
The mechanism by which supersonic  flow is  estab-  
par t ia l  admission supersonic  t u r b i n e  o p e r a t i n g  a t  a 
low Reynolds number is presented i n  t h i s  s e c t i o n .  A 
b r i e f  d e s c r i p t i o n  of t h e  appara tus  and t h e  test pro- 
cedure is a l s o  given. 
mental work can be found i n  (2). 
General Turbine Design C h a r a c t e r i s t i c s  
The t u r b i n e  was aerodynamically designed t o  
o p e r a t e  us ing  hydrogen-oxygen combustion products  a t  
a t u r b i n e  i n l e t  temperature  of 1389 K (2500 R) and 
a mean b lade  speed of 731.5  m/sec (2400 f t / s e c ) .  The 
s p e c i f i c  h e a t  r a t i o  was 1.356.  The t u r b i n e  was 
t e s t e d  us ing  room temperature  a i r  a t  equiva len t  de- 
s i g n  condi t ions  which were: 
S p e c i f i c  work, 
)lean b lade  speed,  
Mass f low,  
Pressure  r a t i o ,  pi/p4. . . . . . . . . . . . . . . 
The t u r b i n e  had a mean diameter  of 0.218 m 
(8 .6 i n . )  and a hub-tip r a d i u s  r a t i o  of 0.923. The 
admission was 9.2% and t h e  des ign  a i r  Reynolds number 
R e  was approximately 75 000 based on blade  he ight .  
The v e l o c i t y  diagram is shown i n  f i g u r e  9. 
Fur ther  d e t a i l s  on t h e  experi-  
Ah/Bcr . . . . . . . . 1O.56x1O4 J / k g  (45.44 Btu/ lb)  
U m / G .  . . . . . . . , .136.9 m/sec (449.0 f t / s e c )  
WG ~ / 6 .  . . . . . 0.00336 kg/sec (0.00739 l b / s e c )  
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The s t a t o r  w a s  des igned ,  by t h e  method descr ibed  
previous ly ,  f o r  a f ree-s t ream Mach number before  mix- 
ing  of 3.65. The subsonic  a x i a l  Mach number s o l u t i o n  
w a s  used f o r  t h e  mixing c a l c u l a t i o n s  and r e s u l t e d  in 
a 1 2 %  l o s s  i n  t o t a l  p r e s s u r e .  The a f t e n n i x i n g  Mach 
number w a s  2.85. The s t a t o r  which cons is ted  of two 
nozzles ,  whose t h r o a t  dimension was 0.112 cm 
(0.044 i n . ) ,  i s  shown in f i g u r e  10. 
The r o t o r  was des igned ,  by t h e  method descr ibed  
previous ly ,  assuming a t u r b u l e n t  boundary l a y e r  a t  
t h e  i n l e t .  It was recognized t h a t  t h e  boundary l a y e r  
was prcbably laminar (because of t h e  l o w  Reynolds 
number) bu t  t h c  laminar s e p a r a t i o n  and reat tachment  
o p t i m  was not  a v a i l a b l e  a t  t h e  t i m e  of t h e  des ign .  
The r o t o r  w a s  designed f o r  a lower- and upper-surface 
Mach number l e v e l  of 1.75 and 2.38, r e s p e c t i v e l y .  
The af termixing c a l c u l a t i o n s  r e s u l t e d  i n  a c a l c u l a t e d  
t u r b i n e  s t a t i c  e f f i c i e n c y  of 50X. The r o t o r  which 
cons is ted  of 1 7 0  b l a d e s ,  whose s o l i d i t y  was 3 .2 ,  is 
shown i n  f i g u r e  11. 
Apparatus and Ins t rumenta t ion  
The appara tus  used f o r  t h e  i n v e s t i g a t i o n  con- 
s i s t e d  of a s i n g l e - s t a g e  t u r b i n e ,  a f lywheel  t o  ab- 
s o r b  t h e  power output  of t h e  t u r b i n e ,  and a n  i n l e t  
and o u t l e t  p ip ing  system. A s k e t c h  of t h e  t u r b i n e  
assembly is shown i n  f i g u r e  12.  The t u r b i n e  s h a f t  
was ver t ica l ,  s t a t i o n a r y ,  and hollow to  f a c i l i t a t e  
cool ing  of t h e  s o l i d  l u b r i c a t e d  bear ings .  
The t u r b i n e  assembly was enclosed in a vacuum 
tank  t h a t  connected i n t o  a low-pressure exhaust  sys-  
t e m .  Pressur ized  a i r ,  which w a s  d r i e d  and f i l t e r e d ,  
passed through a p r e s s u r e  r e g u l a t o r  b e f o r e  e n t e r i n g  
t h e  s t a t o r .  The s t a t o r  was choked f o r  a l l  test con- 
d i t i o n s  i n v e s t i g a t e d  and was flow c a l i b r a t e d  p r i o r  
t o  i n s t a l l a t i o n .  Af te r  l e a v i n g  t h e  t u r b i n e ,  t h e  air 
w a s  exhausted i n t o  t h e  low-pressure exhaust  system. 
With a f i x e d  exhaust p r e s s u r e ,  t h e  i n l e t  p r e s s u r e  w a s  
remotely regula ted  t o  o b t a i n  t h e  d e s i r e d  p r e s s u r e  
r a t i o  a c r o s s  t h e  t u r b i n e .  
The experimental  performance of a s ingle-s tage  The t u r b i n e  was instrumented so t h a t  o v e r - a l l  
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t u rb ine  performance d a t a  could b e  obtained.  
s u r e s  were measured a t  the  tu rb ine  i n l e t  and i n  t h e  
vacuum tank. Temperatures were measured a t  t h e  t u r -  
bine i n l e t  and on t h e  bear ing inne r  r aces .  The ro- 
t a t i o n a l  speed of t he  tu rb ine  w a s  obtained by use  of 
a Hal l  generator  i n  conjunct ion wi th  a small magnet 
embedded i n  t h e  flywheel.  Rotat ion of t h e  flywheel 
caused a series of pulses  t o  be  generated by t h e  
H a l l  c r y s t a l ,  wi th  t h e  frequency of t h e  pu l ses  being 
p ropor t iona l  t o  t h e  r o t a t i o n a l  speed of t h e  tu rb ine .  
Procedure 
a t i n g  the  t u r b i n e  a t  constant  pressure r a t i o s .  
i n l e t  p re s su re  was r egu la t ed  t o  ob ta in  t h e  des i r ed  
p res su re  r a t i o .  The tu rb ine  speed was allowed t o  
vary from zero t o  s l i g h t l y  over equivalent  design 
speed, a t  which point  t h e  a i r  f low t o  t h e  t u r b i n e  
was terminated.  During the  a c c e l e r a t i o n  and decel-  
corded. The i n e r t i a  of t he  f lywheel  was s e l e c t e d  so 
t h a t  t h e  tu rb ine  acce le ra t ed  t o  t h e  design speed i n  
a few minutes.  
Pres- 
The experimental  tests were conducted by oper- 
The 
. e r a t i o n  of t h e  tu rb ine  t h e  speed v a r i a t i o n  was re- 
The s t a t i c  e f f i c i e n c y  flS was obtained from 
where is the  s t a t i c - t o - t o t a l  p re s su re  r a t i o  
ac ross  ; d P k b i n e .  The s p e c i f i c  work Ah was cal- 
cu la t ed  from t h e  r e l a t i o n  
and t h e  torque T from 
dw 
d t  T ’ I -  
(4) 
(5) 
I The moment of i n e r t i a  I of t he  r o t a t i n g  
assembly was determined experimentally.  The t u r b i n e  
a c c e l e r a t i o n  rate dw/dt was obtained from the  tu r -  
b ine  speed ve r sus  t i m e  p l o t .  A t y p i c a l  p l o t  i s  
shown i n  f i g u r e  13 and c o n s i s t s  of two regions:  
producing work over and above t h a t  l o s t  due t o  bear- 
i n g  f r i c t i o n  and windage, and (2)  a d e c e l e r a t i o n  
region i n  which t h e  t u r b i n e  is producing no w o r k .  
(zero f low);  t h e  d e c e l e r a t i o n  being caused by t h e  . bea r ing  f r i c t i o n  and windage l o s s e s .  The t u r b i n e  
a c c e l e r a t i o n  rate dw/dt was ca l cu la t ed  from 
I 
I (1) an  a c c e l e r a t i n g  r eg ion  i n  which the  t u r b i n e  is 
I 
I 
- =  dw m - m  
d t  acc dec 
where macc and mdec a r e  t h e  s lopes  of t h e  speed 
ve r sus  t i m e  curve i n  t h e  a c c e l e r a t i n g  and dece le ra t -  
i n g  r eg ions ,  r e spec t ive ly .  I n  e f f e c t ,  t h i s  proce- 
dure does no t  t a k e  i n t o  account t h e  windage losses. 
I n  o t h e r  words, t h e  experimental  e f f i c i e n c y  pre- 
s en ted  h e r e i n  i s  t h e  e f f i c i e n c y  l e v e l  t h a t  would b e  
obtained from t h e  t u r b i n e  i f  i t  operated w i t h  zero 
windage l o s s e s .  I n  c e r t a i n  space  a p p l i c a t i o n s ,  
where t h e  t u r b i n e  would ope ra t e  i n  a hard vacuum, 
t h e  windage l o s s e s  would be n e g l i g i b l e .  I n  o t h e r  
s i t u a t i o n s ,  t h e  windage l o s s e s  must b e  charged t o  
t h e  tu rb ine .  
S t a t o r  P res su re  D i s t r i b u t i o n  
measured p r i o r  t o  t e s t i n g  t h e  tu rb ine .  S t a t i c  pres- 
s u r e  t aps  were loca ted  along t h e  d ive rgen t  and 
s t r a i g h t  s e c t i o n  of t h e  nozzle  t o  ob ta in  t h e s e  meas- 
urements. For t h e  f u l l  t u r b i n e  tests t h e  nozzles  
were no t  instrumented.  
The p res su re  d i s t r i b u t i o n  of t h e  s t a t o r  w a s  
The p res su re  d i s t r i b u t i o n  in t he  nszz le  was ob- 
ta ined a t  des ign  and off-design cond i t ions  and is  
shown i n  f i g u r e  14. A t  t h e  des ign  p res su re  r a t i o ,  
t h e  agreement between theory and experiment is  good 
f o r  t h e  d ive rgen t  p o r t i o n  of t h e  nozzle .  Along t h e  
s t r a i g h t  s e c t i o n ,  where t h e  p re s su re  should b e  theo- 
r e t i c a l l y  cons t an t ,  t h e  p re s su re  f i r s t  dec reases  be- 
low des ign  and then inc reases .  
is appa ren t ly  caused by expansion and shock waves 
forming on the  s t r a i g h t  s e c t i o n ,  would be  expected t o  
adversely a f f e c t  r o t o r  performance i f  i t  p e r s i s t e d  i n  
t h e  f u l l  t u r b i n e .  Typ ica l  nozzle  off-design behavior  
is seen  t o  occur a t  higher  than des ign  s t a t i c - t o -  
t o t a l  p r e s s u r e  r a t i o s ,  w i th  t h e  p re s su re  inc reas ing ly  
sha rp ly  w i t h i n  t h e  nozz le  due t o  shock wave forma- 
t ion.  
Turbine Ef f i c i ency  
as a func t ion  of b l ade - j e t  speed r a t i o  f o r  cons t an t  
speeds.  
va r i ed  from 20 t o  150 wh i l e  t he  speed v a r i e d  from 20 
t o  100 pe rcen t  of des ign .  As explained i n  t h e  Pro- 
cedure Sec t ion ,  t h e  experimental  e f f i c i e n c y  presented 
i n  f i g u r e  1 5  is t h e  e f f i c i e n c y  t h a t  would b e  obtained 
i f  t h e  t u r b i n e  operated with zero windage l o s s e s .  
Since t h e  o t h e r  p a r t i a l  admission l o s s e s  ( i . e . ,  ex- 
pansion and f i l l i n g  l o s s e s )  a r e  es t imated t o  b e  
sma l l ,  a comparison between t h e  experimental  and the 
a n a l y t i c a l  r e s u l t s  (which have not  been co r rec t ed  f o r  
p a r t i a l  admission l o s s e s )  is permissible .  For design 
p res su re  r a t i o  and speed the  s t a t i c  e f f i c i e n c y  was 
0.39 which is 11 percentage po in t s  lower than  the 
a n a l y t i c a l l y  p red ic t ed  value.  
This  behavior  which 
The s t a t i c  e f f i c i e n c y  ns is shown i n  f i g u r e  15 
The t o t a l - t o - s t a t i c  p re s su re  r a t i o  was 
A number of p o s s i b l e  explanat ions are o f f e r e d  
f o r  t h i s  discrepancy.  The nozz le  performance, which 
was shown t o  d e v i a t e  from des ign  (because of appar- 
e n t  shock formation) would tend t o  dec rease  t h e  tu r -  
b i n e  e f f i c i e n c y .  This would r e s u l t  from an  adverse 
e f f e c t  on t h e  r o t o r  performance and a l s o  poss ib ly  
from increased t u r b i n e  l eav ing  l o s s e s .  As i nd ica t ed  
p rev ious ly ,  t h e  des ign  procedure was based on bound- 
a r y  l a y e r  c a l c u l a t i o n s  which were assumed t u r b u l e n t  
throughout t h e  r o t o r .  A laminar boundary l a y e r  would 
g i v e  higher  r o t o r  b l ade  l o s s e s ,  as would s e p a r a t i o n  
of t h e  flow. The measured e f f i c i e n c y  l e v e l ,  however, 
is  i n  r easonab le  agreement wi th  t h a t  obtained from a 
similar type  of t u r b i n e  (17). 
The maximum e f f i c i e n c y  obtained a t  any f i x e d  
speed occurred a t  or nea r  t h e  des ign  p res su re  r a t i o .  
The r ap id  drop-off of t h e  e f f i c i e n c y  a t  off-design 
p res su re  r a t i o  is t y p i c a l  of supe r son ic  t u r b i n e s  and 
similar t o  t r ends  found i n  r e fe rence  (18). 
CONCLUDING REMARKS 
Methods f o r  des ign ing  supersonic  s t a t o r  and 
r o t o r  b l ad ing  co r rec t ed  f o r  boundary l a y e r  d l sp l ace -  
ment t h i ckness  are sumiuarized. 
based on t h e s e  methods have been r epor t ed  i n  r e f e r -  
ences (3 and (9. Analy t i ca l  b l ade  l o s s e s  f o r  
blading of t h i s  type are presented and des ign  l i m i t a -  
t i o n s  r e s u l t i n g  from c o n s i d e r a t i o n  of f low s e p a r a t i o n  
Computer programs 
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and supersonic  s t a r t i n g  are discussed.  The experi-  
mental  performance of a s ing le - s t age  t u r b i n e  de- 
signed by these  methods and reported i n  (% is a l s o  
summarized. 
The experimental  r e s u l t s  i nd ica t ed  a t u r b i n e  
e f f i c i e n c y  l e v e l  w e l l  below t h a t  predicted a n a l y t i -  
c a l l y .  A number of sou rces  of a d d i t i o n a l  l o s s e s  not 
accounted f o r  i n  the  des ign  method, i nc lud ing  shock 
losses. laminar Souidary layer losses a:id f l o b i  separ-  
a t i o : .  z r e  ofl'ereci as a p o s s i b l e  explanat ion for L h i s  
discyepancy. i.:o?e vork i s  : iecessaiy i:i orL:er LO be t -  
t e y  icie:,tif:- t . !ese l o s s e s  so t h a t  they may be incor-  
po ra t ed  i!] Llie  aes ikg metiiod. 
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